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ABSTRACT: We calculate equilibrium configurations of telechelic associative polymer chains without
excluded volume interactions between flat plates and curved surfaces, obtaining analytical expressions
for flat plates and numerical results for chains between two spheres. Ideal chains with strongly but
reversibly adsorbed terminal groups produce an attraction of O(kT) per chain for planar surfaces as opposed
to , kT per chain in marginal and good solvents at high densities. Our numerical results for two spheres
yield a weaker repulsion and an attraction of shorter range than predicted by the Derjaguin approximation
based on the flat plate solution. These effects are due to deflection of chains out of the gap at close
separations.

Introduction
The interaction between adsorbing polymer chains

and solid surfaces has been the subject of much study,
both theoretical and experimental. Good models for the
polymer layer are crucial to the understanding of
sterically stabilized colloidal particles and are useful in
describing block copolymer micelles, star polymers, and
block copolymer microphases. The simplest model for
chains grafted to a flat surface at one end is the
Alexander-de Gennes treatment for polymer brushes,1
a scaling theory that assumes a steplike segment
density profile with all chain ends residing at the edge
of the brush. While producing the correct functional
dependence for the brush height, this picture obviously
gives no insight into details of the brush structure. The
self-consistent field (SCF) approach of Milner, Witten,
and Cates represents a considerable improvement,
yielding a parabolic segment density profile for strongly
stretched chains in a good solvent.2 Self-consistent
lattice models,3,4 Monte Carlo simulations,5,6 scaling
theories,7 and molecular dynamics (MD) calculations
have examined the effects of graft density, solvent
quality, chain branching, and molecular weight in more
detail.

Extending these results to curved surfaces is not
trivial. For surfaces with low curvature, the Derjaguin
approximation8 perturbs results from flat plates, but
surfaces with moderate to high curvatures present some
difficulties. Daoud and Cotton9 modified the Alexander-
de Gennes model for spherical surfaces by allowing the
blob size to increase with distance from the core, but
still assumed all chain ends to reside at the brush edge.
Dan and Tirrell10 applied the Dolan-Edwards SCF
method11 to examine the effects of surface curvature on
end-grafted polymer chains, finding significant devia-
tions from planar interfaces at curvatures of the same
order as the chain dimensions. This approach and the
lattice counterpart12 couple excluded volume in the
mean field approximation to the local segment density.
Their results for the segment density profiles agree well
with results from MD simulations, but only with scaling

theory in the limit of high surface curvature or large
molecular weight. Li and Witten13 developed a varia-
tional approach for polymer brushes attached to spheri-
cal and cylindrical surfaces in the strong stretching
limit, finding good agreement between their results and
asymptotic solutions for flat plates and cylinders.
Wijmans and Zhulina14 implemented Scheutjens-Fleer
lattice calculations to compute segment density profiles
for polymer brushes grafted to spheres. Although simi-
lar in spirit to the Dolan-Edwards SCF theory used by
Dan and Tirrell, this approach does not linearize the
dependence of the free energy on the local segment
density. Wijmans and co-workers15 later extended the
computations to pair potentials between spheres by
adopting a two-dimensional lattice in a cylindrical
coordinate system and allowing the segment density to
vary in both the axial (line-of-centers) and radial direc-
tions. They found the repulsion for curved surfaces to
be softer than predicted by the Derjaguin approxima-
tion, primarily because of the movement of chains out
of the gap between the surfaces.

More recently, there has been increased interest in
associative polymers, which contain more than one
group that can absorb to a surface. In practice, these
are typically hydrophobically modified water-soluble
polymers, triblock copolymers, or ionomers. Milner and
Witten16 adapted SCF calculations to telechelic poly-
mers, with an absorbing group at each end of the chain,
between flat plates. The absorption was assumed to be
strong enough to ensure that a chain starting on one
surface will either form a loop back to that surface or
bridge to the other. For strongly stretched chains with
a parabolic segment density profile extending to a
distance L, Milner and Witten find an attractive mini-
mum in the free energy near a separation of 2L, or close
to brush contact, due to the increased entropy of O(kT)
per bridge in the contact zone.16 Numerical results for
chains in a marginal solvent are presented and extended
by scaling arguments to good solvents and melts.
Santore et al.17 addressed associative polymers between
flat plates, without constraining the absorbing groups
to lie on the surface and allowing for depletion of chains
in the gap. When absorption is sufficiently strong, the
calculations yielded a bridging attraction of about 0.2
kT per chain, which decreases as the solvent quality
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increases. Similar results are obtained by Björling18 and
Björling and Stilbs,19 who examined the good solvent
case for flat plates numerically using a Scheutjens-
Fleer approach. For the “symmetrical case” in which
both surfaces are covered with polymers, they find a
weaker attraction than Milner and Witten did for the
marginal solvent case. Again, the corresponding prob-
lem with curved surfaces is considerably more difficult.
Semenov and co-workers20 extended the results of
Milner and Witten16 and Johner and Joanny21 to
polymeric micelles for micellar cores small relative to
the overall micelle size via scaling arguments, assuming
an attraction of kT per chain in the contact area.
However, to our knowledge no analytical or numerical
results have been published on associative polymers
between surfaces with a finite curvature.

In this analysis, we use the Dolan-Edwards11 ap-
proach to treat telechelic associative polymers, neglect-
ing both excluded and physical volume (i.e., ideal
chains). This simplification allows us to examine easily
a range of molecular weights, which can be difficult with
either the full SCF or MD simulations because of the
computing time necessary. It is also useful for examin-
ing chain dimensions that are on the order of the surface
curvature. Simple analytical expressions can be ex-
tracted for some geometries, which can be useful in
comparing experimental results to theory.

We begin by applying the results for end-grafted
polymers on flat plates to telechelic polymers and
demonstrate that an attractive minimum is still ob-
tained for ideal chains. We then solve for the segment
density and free energy of polymers attached at both
ends to an isolated sphere. Finally, we solve the equa-
tions in bispherical coordinates numerically for chains
between two spheres and compare this to predictions
based on the Derjaguin approximation.

Diffusion Equation Model
In this model, we consider the density of configura-

tions available to a subchain of s segments, beginning
at r′ and ending at r, denoted G(r, r′, s). The total
number of segments in the chain is denoted N, and l is
the segment length. For an ideal chain, the differential
equation for G reduces to11

The segment density at any position r is related to the
probability that a subchain of length s will meet a
subchain of length N - s at r. This must be integrated
over all end points and segment positions along the
chain:

The partition function for a chain is obtained by sum-
ming up the total number of configurations

and determines the Helmholtz free energy per chain as

Since we only consider ideal chains in this work, it is
not necessary to account for the surface density of chains
as an additional parameter. The chains do not interact
and hence do not feel any difference as the surface
density of chains is increased. The layer thickness for
such chains is independent of surface coverage, and the
free energy of the layer is proportional to the free energy
of a single chain. Thus, it is sufficient to solve eqs 1-4
for a single chain, multiplying by the total number of
chains when appropriate.

Results for Flat Plates
Dolan and Edwards11 derived solutions for terminally

anchored chains on flat plates, which we use to inves-
tigate the behavior of end-capped associative polymers
between flat plates as depicted in Figure 1. In doing so,
we assume that the association is strong enough that
the chain ends always reside on a surface. The ap-
propriate differential equation and boundary conditions
are

The first two boundary conditions, eq 6 parts a and b,
prevent the chain from penetrating the flat plates. The
final boundary condition, eq 6c, requires the chain to
start at x′. If we choose x′ ) 0, the only solution to eqs
5 and 6 will be G ) 0. Instead, Dolan and Edwards start
the chain a small distance, on the order of the segment
length l, off the surface.11 They argue that because the
first segment of the chain is fixed at the surface, the
random walk of the chain effectively begins at the
second segment.

We can also derive boundary conditions by applying
the relationship between the probability density for a
segment and the preceding segment at the surface and
recognizing that ∂G/∂s is O(1/N), leading to22

at x ) 0 and h. Since this resembles a Taylor series
expansion for G about -l/2, we set G ) 0 on the surface
and take the point of attachment to be half a segment
length off the surface. These boundary conditions are
equivalent to eq 6, with x′ ) l/2 or x′ ) h - l/2.

Scaling distance, position, and the probability density
as xj ) x/N1/2l, sj ) s/N, and Gh ) N1/2lG, we obtain

∂G
∂s

) l2

6
∇2G (1)

n(r) ∝ ∫V∫V ∫0

N
G(r, r′, s)G(r′′, r, N - s)dr′ dr′′ds (2)

W ) ∫V∫V
G(r′′, r′, N) dr′ dr′′ (3)

A
kT

) lnn
N

- 1 - ln W (4)

Figure 1. Arrangement of associative triblocks between two
flat plates.

∂G
∂s

) l2

6
∂

2G
∂x2

(5)

G(0, x′, s) ) 0 (6a)

G(h, x′, s) ) 0 (6b)

G(x, x′, 0) ) δ(x - x′) (6c)

1
2

∂G
∂x

- G ) 0 (7)
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where hh ) h/N1/2l and xj′ ) x′/N1/2l ) 1/2N-1/2. Thus, we
would expect that Gh (xj, xj, sj) depends on hh and N as well.

For plates at an infinite separation, the solution to
eqs 5 and 6 near either plate is22

To obtain the number of configurations for a chain with
one end attached to the surface, we set x′ ) l/2 and
integrated over all x to determine the free energy per
chain as

for large N. For chains with both ends attached to the
surface, we set x′ ) l/2 and require the other end of the
chain to lie within 0 e x e l. This is approximately the
density of configurations for the entire chain evaluated
at x ) l/2, multiplied by l:

So, the free energy is increased by the additional
constraint.

For finite values of h, the solution to eqs 5 and 6 is
an eigenfunction expansion:11

To apply this solution to the single-chain problem for
many chains in the gap, we normalize the segment
density on the total number of segments. For the case
of telechelic associative polymers, the segment density
will have contributions from both loops and bridging
chains, i.e., chains starting on the left wall and ending
on the left wall

chains starting on the left wall and ending on the right
wall

and chains starting on the right wall and ending on the
right wall

The probability density is then normalized such that

where np is the surface density of chains on one plate.
We can use eqs 13 and 14 to determine the segment

density profiles for a range of separations as shown in
Figure 2, where 50 terms of the series in eq 13 were
used to calculate G. The dashed and solid lines indicate
contributions from bridging and looped chains, respec-
tively. As expected, more bridges form as the plates
move closer together. Figure 3 shows the fraction of
segments belonging to bridging chains, fbridge, at various
separations. Bridging becomes significant when the
surfaces are closer than 2N1/2l, with fbridge ≈ 0.1 at
h/N1/2l ) 1.75. The fraction of bridges eventually levels
off at 1/3 for small separations. Physically, this means
that the three options available to a chain (i.e., a loop
on the left side, a loop on the right side, or a bridge) are
equally favorable at close separations.

The free energy per chain, relative to the free energy
of an isolated plate with loops of associative polymers,
given by

is shown in Figure 4. The minimum at h/N1/2l ≈ 1.0
due to the bridging chains corresponds to an attraction
between the plates. This attractive minimum, which is
independent of N, is about 0.6 kT per chain.

It is interesting to compare this value with the
attractive minima obtained by Milner and Witten16 and
Björling18 and Björling and Stilbs19 for marginal and
good solvents, respectively. For marginal solvents, Mil-
ner and Witten have shown through both scaling
arguments and numerical self-consistent field calcula-
tions that the minimum in the free energy scales as16

where Ro is the end-to-end distance of the relaxed chain,
L is the brush height, σ is the graft density, and v is
the excluded volume parameter. For moderately long
chains, the attraction per chain is rather weak and less
than the value we obtain for ideal chains. As v increases
and excluded volume effects become more important,
the minimum grows weaker. The attraction, which
occurs when the layers just overlap, is dominated by
interpenetration near the brush edge.16 The relevant
length scale is then êo, the fluctuation correction to the
brush height or “roughness” of the brush.19,20 Using a
Scheutjens-Fleer approach, Björling and Stilbs19 were
able to show that the free energy for an athermal solvent
with v/l3 ) 1 scales as 1/(σêo

2); alternatively, this can
be expressed in terms of the brush height, leading to
the same dependence of ∆Amin on the graft density and
molecular weight:

∂Gh
∂sj

) 1
6

∂
2Gh
∂xj2

(8)

Gh (0, xj, sj) ) 0 (9a)

Gh (hh, xj, sj) ) 0 (9b)

Gh (xj, xj′, 0) ) δ(xj - xj′) (9c)

G(x, x′, s) )

( 3
2πsl2)1/2[exp(-

3(x - x′)2

2sl2 ) - exp(-
3(x + x′)2

2sl2 )] (10)

A
kT

) - ln[∫0

∞
G(x, x′, N) dx] ) - ln[erfx 3

8N]
≈ 1

2
ln[2πN

3 ] + O(1
N) (11)

A
kT

) - ln[∫0

l
G(x, x′, N) dx] ≈ - ln[lG(l/2, l/2, N)]

≈ 1
2
ln[2πN

3 ] + ln[2N
3 ] - O( 1

N) (12)

G(x, x′, s) ) ∑
m ) 1

∞ 2

h
sin[mπx

h ]sin[mπx′

h ]exp[-
m2π2l2s

6h2 ]
(13)

n1(x) ∝ l∫0

N
G(x, l

2
, s)G(x, l

2
, N - s) ds (14a)

n2(x) ∝ l∫0

N
G(x, l

2
, s)G(x, h - l

2
, N - s) ds (14b)

n3(x) ∝ l∫0

N
G(x, h - l

2
, s)G(x, h - l

2
, N - s) ds (14c)

∫0

h
{n1(x) + n2(x) + n3(x)} dx ) 2Nnp (15)

∆A
kT

(h) ) - ln[G( l
2
, l
2
, N)h

+ G( l
2
, h - l

2
, N)h

G( l
2
, l
2
, N)hf∞

] (16)

∆Amin

kT
) (Ro

L )2

∼ [ N1/2l
Nl(σv/l)1/3]2

∼ l2/3

Nσ2/3v2/3
(17)
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where the Flory exponent is set to 0.588. Our result
follows a similar scaling; since Ro/L ) O(1) for ideal
chains, we again have ∆Amin/kT ∼ (Ro/L)2 ) 0.6, which
is stronger than either the marginal or good solvent
results. Figure 5 shows the minima for the ideal,
marginal, and good solvent regimes, demonstrating that
excluded volume effects moderate the attractive forces
between surfaces. Thus, our result for ideal chains
should provide an upper limit on the strength of this
bridging attraction.

Chains Anchored to Spherical Surfaces

For chains attached to a sphere (Figure 6), the
geometry is still one-dimensional and the differential

equation for G can be solved analytically:

with the boundary conditions

where a is the radius of the sphere and ro ) a + l/2 is
the point of attachment. The factor of 4πa2 in the initial
condition reflects our use of a one-dimensional δ func-
tion to describe a three-dimensional condition and
ensures that G has units of inverse volume. Scaling the

Figure 2. Segment density profiles between two flat plates. Dashed lines indicate segments belonging to bridges; solid lines
indicate segments belonging to loops. (a) h/N1/2 ) 1.76; (b) h/N1/2 ) 1.17; (c) h/N1/2 ) 0.73; (d) h/N1/2 ) 0.44.

Figure 3. Fraction of segments belonging to bridging chains
for telechelic polymers between flat plates.

∆Amin

kT
≈ { 0.4

σêo
2

0.4(Ro

L )2 } ∼ 0.4
N0.784l4/3σ2/3

(18)

Figure 4. Free energy per chain for telechelic chains between
flat plates as a function of normalized separation.

∂G
∂s

) l2

6
1
r2

∂

∂r
r2∂G

∂r
(19)

G(a, ro, s) ) 0 (20a)

G(∞, ro, s) ) 0 (20b)

G(r, ro, 0) ) 1
4πa2

δ(r - ro) (20c)
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variables as rj ) r/N1/2l, sj ) s/N, and Gh ) 4πa2N1/2lG
yields two new dimensionless groups, aj ) a/N1/2l and
rjo ) aj + 1/2N1/2, or aj and N, on which Gh (rj, rjo, sj) depends.
The system can be solved with Laplace transforms to
obtain

which corresponds roughly to Gaussian coils anchored
to a spherical surface.

To calculate the free energy per chain for chains with
only one end affixed to the sphere, we sum up the
configurations for the entire chain, s ) N, allowing the
end of the chain to sample all space

which yields

Thus, curvature decreases the free energy below the flat
plate limit of Dolan and Edwards.11

To obtain the free energy for chains with both ends
attached to the sphere, we again allow the end to occupy
the volume between r ) a and r ) a + l, which is
approximately G(r ) ro) multiplied by l:

Just as in the case of flat plates, the additional con-
straint of having both ends on the surface increases the
free energy by ln(2N/3). Thus, relative to loops on the
flat plate, surface curvature only decreases the free
energy by a small amount, O(l/a). This effect can be seen
in Figure 7, which shows the variation of the free energy
with a/N1/2l and N and demonstrates that the free
energy approaches the flat plate solution for telechelics
at much lower values of a/N1/2l than for end-grafted
polymers. Thus, the effect of surface curvature seems
to be much less pronounced for telechelics than for end-
grafted polymers.

The segment density for telechelic chains must be
normalized to the total number of segments using the
relation

where p is the number of polymers per particle, so that
the chain density on the surface is np ) p/4πa2. The
segment density shown in Figure 8 resembles that in
Figure 2 for flat plates, though increasing curvature
allows the chains to relax toward the surface.

Numerical Results: Two Spheres

We next consider telechelic polymers between two
interacting spheres. The formalism is the same but we
must now solve the diffusion equation numerically in
bispherical coordinates (µ, R, φ), also referred to as
spherical bipolar coordinates (Figure 9). Readers wish-
ing to know more about this coordinate system are
referred to Morse and Feshbach.23 The center-to-center
distance between the two spheres is R, and the distance
between the surfaces along the line of centers is h )
R - 2a. The surfaces of the two spheres are µ ) µo and
µ ) -µo, with µo ) arccosh(R/2a). The coordinate R
varies from 0 to π, with surfaces of constant R perpen-
dicular to the spherical surfaces of constant µ. The
surface R ) π corresponds to the portion of the z-axis
between the foci of the two spheres, while R ) 0

Figure 5. Attractive minima for telechelic polymers between
flat plates, comparing our result for ideal chains (v/l3 ) 0) to
the solutions for marginal (Milner and Witten)16 and good
(Björling18 and Björling and Stilbs)19 solvents. The ranges
indicated on the x-axis are approximate.

Figure 6. Telechelic chains attached to a sphere.

G(r, ro, s) ) ( 3
2πsl2)1/2( ro

4πra2) ×

[exp(-
3(r - ro)

2

2sl2 ) - exp(-
3(r + ro - 2a)2

2sl2 )] (21)

A
kT

) - ln[∫a

∞
4πr2G(r, ro, N) dr] (22)

A
kT

) - ln[(1 + l
2a){ l

2a
+ erf(x 3

8N)}] ≈

1
2
ln[2πN

3 ] - ln[1 + xπ
6

N1/2l
a ] + O( l

a) + O( 1
N) (23)

Figure 7. Free energy per chain for telechelic chains on an
isolated particle as a function of chain length.

A
kT

) - ln[∫a

a+l
4πr2G(r, ro, N) dr] ≈

- ln[4πlro
2 G(ro, ro, N)] ≈ 1

2
ln[2πN

3 ] + ln[2N
3 ] +

O( 1
N) + O( l

a) (24)

n(r) )
Np∫0

N
G(r, ro, s)G(r, ro, N - s) ds

4π∫a

∞∫0

N
r2G(r, ro, s)G(r, ro, N - s) ds dr

(25)
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corresponds to the z-axis outside the foci plus the sphere
at infinity. The differential equation is

Note that the dimensionless coordinates µ and R appear
as arguments of trigonometric functions in the above
equation, while the physical dimensions enter through
a scale factor, R tanh µo ) R [1 - (2a/R)2]1/2. The scaling
sj ) s/N and Gh ) 4πa2N1/2lG yields

and identifies the dimensionless groups (R - 2a)/N1/2l
and (R + 2a)/N1/2l or, alternatively, (R - 2a)/N1/2l and
a/N1/2l.

We take the point of attachment to be l/2 off the
surface of the right-hand sphere, and require that the
chain not penetrate either sphere. This leads to the
following initial and boundary conditions

where µo′(R) represents the surface of a sphere of radius
a + l/2, indicated by a dotted line in Figure 9. We also
have a symmetry condition about the line of centers of
the two spheres, which corresponds to R ) 0 and R ) π.

Finally we require that far away from the two spheres,
G ) 0, which is equivalent to

While eq 28a is conceptually attractive as an initial
condition, it is somewhat difficult to implement. In
addition to numerical problems associated with the δ
function, it is awkward to express the surface of two
concentric spheres in bispherical coordinates. To cir-
cumvent this problem, we subtract the solution for the
single sphere, eq 21, to eliminate the δ function in the
initial condition and solve for the difference, Γ )
Gh (µ, R, sj) - Gh ss(rj, sj), which satisfies the same differential
equation with modified initial and boundary conditions

with

It is important to note that our initial condition now
implicitly assumes that the chains start with equal
probability anywhere on the sphere. At close separa-
tions, this might break down, since chain ends should
be forced out of the gap between the two spheres.

We solve eqs 27 and 29 numerically using an explicit
finite difference method spatially with step sizes of
∆µ ) 0.1 and ∆R ) π/20 and integrating forward along
the chain using the Euler method with ∆sj ) 0.015625.
The conditions for stability24 are λµ t ∆sj/(∆µ)2 e 1/2 and
λR t ∆sj/(DR)2 e 1/2. For the step sizes we have chosen,
λµ ) 0.156 and λR ) 0.158, ensuring stability of our
numerical solution. We will be most interested in the
value of Γ for the entire chain, sj ) 1, and by analogy

Figure 8. Segment density for telechelics adsorbed on an
isolated particle. The dashed line is for a/N1/2l ) 0.44; the solid
line is for a/N1/2l ) 0.72.

Figure 9. Bispherical coordinate system, showing two spheres
of identical radius a at a center-to-center separation of R. The
solid lines represent surfaces of constant µ and R. We consider
chains to be attached to a surface that is l/2 off the spheres,
represented by a dotted line. Note that µ is not constant over
this surface.

∂G
∂s

) l2

6(2
R

cosh µ - cos R
tanh µo

)3

×

[ ∂

∂µ(R2 tanh µo

cosh µ - cos R
∂G
∂µ) +

1
sin R

∂

∂R(R2 tanh µo sin R
cosh µ - cos R

∂G
∂R)] (26)

∂Gh
∂sj

) 2
3

Nl2

(R + 2a)(R - 2a)
(coshµ - cos R)3 ×

[ ∂

∂µ( 1
coshµ - cos R

∂Gh
∂µ ) + 1

sin R
∂

∂R( sin R
coshµ - cos R

∂Gh
∂R)]
(27)

Gh (µ, R, 0) ) δ(µ -µo′(R)) (28a)

Gh (µo, R, sj) ) 0 (28b)

Gh (-µo, R, sj) ) 0 (28c)

∂Gh
∂R|R)0

) 0 (28d)

∂Gh
∂R|R)π

) 0 (28e)

Gh (0, 0, sj) ) 0 (28f)

Γ(µ, R, 0) ) 0 (29a)

Γ(µo, R, sj) ) 0 (29b)

Γ(-µo, R, sj) ) -Gh ss(rj1,sj) (29c)

∂Γ
∂R|R)0

) 0 (29d)

∂Γ
∂R|R)π

) 0 (29e)

Γ(0, 0, sj) ) 0 (29f)

rj1 )

R
2N1/2lx(tanh µo sinh µo

cosh µo - cos R
+ 1)2

+ ( tanh µo sin R
cosh µo - cos R)2

(30)

5718 Bhatia and Russel Macromolecules, Vol. 33, No. 15, 2000



with the two-dimensional heat equation,24 we expect the
discretization error at this point to be O(∆sj + (∆µ)2 +
(∆R)2 ∼ 0.05. In practice, we find that when the step
sizes are reduced, the numerical results for Γ converge
to the same value; i.e., the solution method is conver-
gent.

From the numerical solution for Γ(µ, R, sj), we compute
the free energy at each separation by summing the
number of configurations for loops and bridges and
integrating over the surface of each sphere. The free
energy is normalized on the free energy at infinite
separation from the solution of the single sphere

where -µo′ represents the surface l/2 off the left-hand
sphere. As can be seen in Figure 9, this surface is not a
surface of constant µ. Thus, it is sometimes necessary
to interpolate between grid points to obtain the value
of Gh this surface.

The results for selected values of a/N1/2l are shown
in Figure 10. The attractive minimum is rather deep,
varying monotonically from -2.5 kT to -0.1 kT per
chain with increasing a/N1/2l (Figure 11). The repulsive
part of the potential is very steep for small a/N1/2l and
gradually becomes softer as surface curvature decreases.
We can understand this trend by examining the prob-
ability density of bridging chain ends at the left sphere
surface, G(-µo, R, N), shown in Figure 12 for a/N1/2l )
0.375. Recall that R ) π corresponds to the line of

centers between the two spheres, and R ) 0 is the
symmetry axis outside the spheres. At large separations,
the probability density is nearly uniform. As the spheres
are brought closer together, the probability density at
R ) π increases as chains begin to bridge. However, the
chains eventually are forced out of the gap, and the
probability density begins to decrease at R ) π and
develops a maximum at R = π/2 for h/N1/2l < 0.3 that
moves toward R ) 0 as h/N1/2l f 0. Thus, chains
beginning in the gap preserve configurational degrees
of freedom by moving the bulk of their segments out of
the gap.

Because G must be integrated over the surface of the
sphere to obtain significant physical quantities, it is
somewhat misleading to compare the relative values of
G at different separations to extract quantitative infor-
mation about the free energy or segment density. We
can, however, qualitatively explain the trends in the free
energy that we observe. The attraction is due to bridging
chains, the majority of which are in the gap between
the two spheres at large separations. Although chains
are excluded from the gap at closer separations, they
will wrap around the far side of the sphere in order to
bridge, leading to a strong attraction at all separations
greater than l. At a separation of l, we obtain a hard-
sphere repulsion, because of the boundary condition that
starts the chain l/2 off the surface. For large a/N1/2l,
chains find it more difficult to move out of the gap, so
both looped and bridging chains that remain in the gap
and are compressed lead to a softer and longer range
repulsion.

Our results are compared to the Derjaguin ap-
proximation based on the flat plate solution in Figure
10. For two spheres of radius a, the Derjaguin ap-
proximation is

where Φplate is the potential per unit area between flat
plates. Relating the potentials for a sphere and flat plate
to the free energy

Figure 10. Free energy per chain scaled on a/N1/2l compared
to the Derjaguin approximation.

Figure 11. Depth of attractive minimum as a function of
a/N1/2l.

∆A
kT

(hh) ) +ln Gh ss(µo′, 1) - ln ( R2

8ro
2

- 1
2) -

- ln[ ∫0

π sin R
(R/2ro - cos R)2

{Gh (µo′, R, 1)hh +

Gh (-µo′, R, 1)hh} dR] (31)

Figure 12. Probability density on the left sphere surface for
a/N1/2l ) 0.375. The lines represent different normalized
separations, (R - 2a)/N1/2l. The lower axis is the bispherical
coordinate R, and the upper axis is the spherical polar
coordinate θ about the sphere, defined such that θ ) 0
corresponds to the surface furthest from the right sphere.

Φsphere

kT
) πa∫r-2a

∞ Φplate

kT
dx (32)

Φsphere ) 2p∆ Asphere (33a)

Φplate ) 2np∆ Aplate ) p
2πa2

∆ Aplate (33b)
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yields the following approximation for the free energy:

This suggests scaling the free energy as

As shown in Figure 10, this scaling appears to col-
lapse the two-sphere solution for 0.375 e a/N1/2l e 0.75.
The slight differences between the curves for 0.375 e
a/N1/2l e 0.75 and the apparent nonmonotonic depen-
dence of A(a/N1/2l)/kT on a/N1/2l in this range may be
due in part to numerical errors associated with the finite
difference method. For a/N1/2l e 1, the solution gradu-
ally moves forward to the Derjaguin approximation. In
all cases, the Derjaguin approximation yields a stronger
repulsion than the bispherical solution. This is consis-
tent with the results of Wijmans et al.15 and is most
likely due to migration of polymers out of the gap in
the case of two spheres.

Conclusions
We have used a diffusion-equation approach to model

the segment density and free energy between surfaces
covered with ideal end-capped associative polymer
chains. The fraction of bridging chains increases as
separation decreases, reaching a value of 1/3 at close
separations. We find an attractive minimum in the free
energy in all cases. For flat plates, the attraction of 0.6
kT per chain occurs at a separation of roughly one end-
to-end distance and is stronger than for marginal and
good solvents, where typical values for the molecular
weight and graft density yield attractions in the range
0.05-0.2kT per chain.19 Our results and those of Björ-
ling and Stilbs19 can be expressed in terms of the scaling
proposed by Milner and Witten:16 ∆Amin/kT ∼ (Ro/L)2.
Our result should represent an upper limit on the
strength of attraction for associative systems.

Numerical results for chains between two spheres also
indicate an O(kT) attraction, occurring at a separation
less than N1/2l. The repulsion in this case is weaker than
that given by the Derjaguin approximation. These
effects are due to chains migrating out the gap between
the two spheres.

Although we have only considered ideal chains, we
expect chains in a good solvent should display qualita-
tively similar behavior. Chains attached to curved
surfaces should have a lower free energy relative to
chains attached to flat plates, although the effect may
not be as important for telechelic chains as for end-
grafted chains. Similar to what we observe for flat
plates, we expect excluded volume effects to impart a
stronger repulsion between the surfaces and perhaps a
weaker attraction, in accord with the results of Santore
et al.17 and Björling and Stilbs.19

The force between flat plates with associative poly-
mers can be measured directly using the surface forces
apparatus. Given the correct experimental conditions,
it should be possible to verify our results for flat plates.
Dai and Toprakcioglu25 and Dai et al.26 report force
curves for several triblock chains adsorbed to mica
surfaces and find an attraction due to the bridging
chains. However, the end blocks are not strongly

absorbed, which results in a distribution of loops,
bridges, and tails25,26 that we have not considered in our
theory. This problem may be overcome by using tri-
blocks with longer or more strongly absorbed end blocks.
Our results on spherical surfaces can be verified ex-
perimentally using osmotic pressure measurements or
small-angle neutron scattering to estimate particle
interaction potentials for colloids covered with associa-
tive polymers.

Our numerical results indicate that for a/N1/2l ) O(1),
the attractive interaction produced by telechelic poly-
mers is fairly strong. For colloids in solution with
associative polymers, this interaction can be several kT,
large enough to cause flocculation. Similar results are
expected for polymeric micelles of telechelics, which may
lead to a phase separation, as predicted for micelles with
high aggregation numbers by Semenov et al.20 However,
for chains in a good solvent, the attraction may be
weaker and the tendency to phase separate may be
suppressed.
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